ON THE BRANDT A"-EXTENSIONS OF MONOIDS WITH ZERO 



Abstract. We study algebraic properties of the Brandt A'^-extensions of monoids 
with zero and non-trivial homomorphisms between the Brandt A^-extensions 
of monoids with zero. We introduce finite, compact topological Brandt A"- 
extensions of topological semigroups and countably compact topological Brandt 
A^-extensions of topological inverse semigroups in the class of topological in- 
verse semigroups and establish the structure of such extensions and non-trivial 
continuous homomorphisms between such topological Brandt A'^-extensions of 
topological monoids with zero. We also describe a category whose objects 
are ingredients in the constructions of finite (compact, countably compact) 
topological Brandt A^-extensions of topological monoids with zeros. 



We shall follow the terminology of [U HI [TS] . Given a semigroup S, we shall 
denote the set of idempotents of 5* by E{S). A semigroup S with the adjoined unit 
[zero] will be denoted by [S'°] (cf. [4]). Next, we shall denote the unit (identity) 
and the zero of a semigroup 5 by I5 and O5, respectively. Given a subset A of a 
semigroup S, wc shall denote by A* = A \ {Os} and \A\ = the cardinality of A. A 
semigroup S is called regular if for any x € S there exists y & S such that xyx = x, 
and it is called inverse if for any x £ S there exists a unique y £ S such that 
xyx ~ X and yxy = y. Such an element y is called inverse of x and it is denoted 
by x^^ . An inverse semigroup S is called Clifford if xx^^ = x^^x, for all x G S. 
We note that xx~^ is an idempotent in S for any x £ S, and that for any Clifford 
inverse semigroup 5, every idempotent is in the center of S. 

If /i : 5 ^ T is a homomorphism (or a map) from a semigroup S into a semigroup 
T and if s G S*, then wc denote the image of s under h by {s)h. A semigroup 
homomorphism h: 5 — > T is called trivial if {s)h — (t)h for all s,t £ S. A semigroup 
S is called congruence-free if it has only two congruences: the identical and the 
universal [T3]. Obviously, a semigroup S is congruence-free if and only if every 
homomorphism h oi S into an arbitrary semigroup T is an isomorphism "into" or 
is a trivial homomorphism. 

Let S" be a semigroup with zero and I\ a set of cardinality A ^ 1. We define the 
semigroup operation on the set B\{S) = {Ix x S x I\) LI {0} as follows: 
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and (a,a,/3) • = • (a, a,/3) = • = 0, for all a,/3,7,(5 £ I\ and a, 6 G S. If 
S = then the semigroup B\(S) is called the Brandt X-extension of the semigroup 
S' [TUj. Obviously, if S has zero then J = {0} U {{a, Os, /3) | Os is the zero of S} 
is an ideal of Bx{S). We put B^(S') = Bx{S)/J and the semigroup Bl{S) is called 
the Brandt \^ -extension of the semigroup S with zero |12| . 

Next, if A C 5 then we shall denote A^p = {(a, s,/3) | s G A} if A does not 
contain zero, and Aa^p = {(a, s,/?) | s G A \ {0}} U {0} if G A, for a,/? G I\. 
If X is a trivial semigroup (i.e. I contains only one element), then we denote the 
semigroup T with the adjoined zero by Obviously, for any A 5^ 2, the Brandt 
A'^-extension of the semigroup X*' is isomorphic to the semigroup of Ix x /^-matrix 
units and any Brandt A^-extension of a semigroup with zero which also contains a 
non-zero idempotent contains the semigroup of I\ x /^-matrix units. 

We shall denote the semigroup of Ix x /^-matrix units by Bx and the subsemi- 
group of Ix X /A-matrix units of the Brandt A^-extension of a monoid S with zero 
by B^{\). We always consider the Brandt A^-extension only of a monoid with zero. 
Obviously, for any monoid S with zero we have Bi{S) — S. Note that every Brandt 
A-extension of a group G is isomorphic to the Brandt A^-extension of the group 
with adjoined zero. The Brandt A'^-extension of the group with adjoined zero is 
called a Brandt semigroup [H [TS] . A semigroup 5' is a Brandt semigroup if and only 
if S* is a completely 0-simple inverse semigroup (cf. also [TSl Theorem II.3.5]). 

We also observe that the semigroup Bx of Ix x /^-matrix units is isomorphic to 
the Brandt A" -extension of the two-element monoid with zero S = {IgjOs} and 
the trivial semigroup S (i. e. 5 is a singleton set) is isomorphic to the Brandt A"- 
extension of S for every cardinal A ^ 1. We shall say that the Brandt A°-extension 
B1{S) of a semigroup 5* is finite if the cardinal A is finite. 

In this paper we establish homomorphisms of the Brandt A" -extensions of monoids 
with zeros. We also describe a category whose objects arc ingredients in the con- 
structions of the Brandt A" -extensions of monoids with zeros. We introduce finite, 
compact topological Brandt A^-extcnsions of topological semigroups and countably 
compact topological Brandt A'^-extensions of topological inverse semigroups in the 
class of topological inverse semigroups, and establish the structure of such exten- 
sions and non-trivial continuous homomorphisms between such topological Brandt 
A°-extensions of topological monoids with zero. We also describe a category whose 
objects are ingredients in the constructions of finite (compact, countably compact) 
topological Brandt A^-extensions of topological monoids with zeros. 

2. Some properties of the Brandt A°-extensions of semigroups 

Gutik and Pavlyk [12] proved that for every cardinal A ^ 1, the Brandt A"- 
extension of a semigroup S' is a regular, orthodox, inverse, 0-simple or completely 
0-simple semigroup if and only if such is also S. They also proved that for every car- 
dinal A 5^ 1, the Brandt A°-extension of a semigroup S with zero is a congruence- free 
semigroup if and only if such is also S. The definition of the semigroup operation 
on the Brandt A^-extension of a semigroup implies the following: 

Proposition 2.1. Let X ^ 1 be any cardinal. Then: 

(i) If T is a subsemigroup of a semigroup S then Bl{T) is a subsemigroup of 
BliS); and 

{a) IfT is a left (resp., right, two-sided) ideal of a semigroup S then B'j^iT) is 
a left (resp., right, two-sided) ideal in Bl{S). 
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Proposition 2.2. Let Ai, A2 1 he any cardinals, S a semigroup and Si the Brandt 
\\-extension of the semigroup S. Then the Brandt \^-extension of the semigroup 
Si is isomorphic to the Brandt X*^ -extension of the semigroup S for the cardinal 
A = Ai • A2. 

Proof. Let and Ix^ be the sets of cardinality Ai and A2, respectively. We put 
-^A = ^Ai X I\2- Then the set Ix has the cardinality A = Ai • A2. We define a map 
h: BliSi) ^'BliBliS)) -> 50(5) as follows 

(a2,(ai,s,/3i),/32)/i= ((a2,ai),s,(/3i,/32)) and (02)/i = 0, 

for s € S, ai,Pi e Ixi, ^2,^2 G Ix^, and zeros O2 and of semigroups B^^{Bl^{S)) 
and Bl{S), respectively. Obviously, the map h: Bl^{Bl^{S)) Bl{S) is bijective 
and it preserves the semigroup operation, hence h is an isomorphism. □ 

The cardinal arithmetics and Proposition 12 . 21 imply the following corollaries: 

Corollary 2.3. Let S be a semigroup and Ai, A2 any infinite cardinals. Then 
BliBliS)) - BliS), where A = sup{Ai, A2}. 

Corollary 2.4. B1{B1{S)) = Bl{S) for every infinite cardinal A and any semi- 
group S. 

Corollary 2.5. Let A, ^ 1 be any cardinals. Then the Brandt \^ -extension of 
the semigroup of L^ x I^-matrix units is the semigroup of Ix u x Lx i^-matrix units. 

Corollary 2.6. Let A be any infinite cardinal. Then the Brandt \^ -extension of 
the semigroup of Lx x Ix-matrix units is the semigroup of Ix x Ix-matrix units. 

Corollary 2.7. Let X ^ 1 be any cardinal. Then the Brandt X'^ -extension of a 
Brandt semigroup is a Brandt semigroup. 

Let 5 be a semigroup with zero Os and {Sa}ae£i' a family of subsemigroups of 
S such that S = IJqg^/ '^a and Sa Ci Sp = Sa ■ Sf^ = Os for all distinct a,f3 & £/. 
Then the semigroup 5* is called an orthogonal sum of the semigroups {Sa}aesi^ and 
it is denoted by Y^aes^ (cf. [H]). 

Proposition 2.8. Let X^ 1 he any cardinal. Let a semigroup S he an orthogonal 
sum of a family of semigroups {Sa}ct^i^ with zeros. Then the Brandt X^ -extension 
B'^{S) of the semigroup S is isomorphic to the orthogonal sum J^ae^/ ^K^a)- 

Proof Obviously, - UaG^^A(^a) and BUS,,) D B^Sp) - {0} for all 

distinct a,(3 G £/, where is the zero of the Brandt A°-extension B'^{S) of the 
semigroup S. Proposition 12.11 impHes that B^{Sa) is a subsemigroup of B^{S), 
for all a G The semigroup operation in B'^{S) implies that for every distinct 
a,f] G £/ and for any non-zero elements (7, Sa,S) G Bl{Sa) and (yU, t^, u) £ B^{Sf}) 
we have (7, Sq,, 5) ■ (/x, t^, i/) = 0. This completes the proof of the proposition. □ 

The semigroup operation on a semigroup S with E{S) ^ induces the natural 
partial order ^ on £'(5'): e < / if and only if ef ~ fe = e, for e, / G E{S). If E{S) 
has a zero then an idempotent e G {E{S))* is called primitive if it is minimal in 

(Eis))* (cf. m)-_ 

An inverse semigroup S with zero is called primitive inverse., if every non-zero 
idempotent of S is primitive [15j . Since every primitive inverse semigroup is an 
orthogonal sum of Brandt semigroups (cf. Theorem II. 4. 3 of [15]), Proposition 12.81 
and CoroUarv 12 . 71 implv: 
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Corollary 2.9. Let X ^ 1 be any cardinal. Then the Brandt -extension of a 
semigroup S is a primitive inverse semigroup if and only if such is also S . 

3. On homomorphisms of the Brandt A°-extensions of monoids with 

ZERO 

The following proposition is obvious: 

Proposition 3.1. Let S and K he semigroups and let X^ 2. Then the homomor- 
phism h: Bl(S) K is trivial if and only if its restriction ^Ibo^j^ : B^{\) K is 
a trivial homomorphism. 

Proposition 3.2. Let S be a monoid with zero, X ^ 1 any cardinal, and _B^(5) the 
Brandt X^ -extension of S. Then every non-trivial homomorphic image of Bl{S) is 
the Brandt X'^ -extension of some monoid with zero. Moreover, ifT is the image of 
B1{S) under a homomorphism h, then T is isomorphic to the Brandt X^ -extension 
of the homomorphic image of the monoid Sa,a under the homomorphism h for any 
a £ Ix. 

Proof. In the case A = 1 the proof is trivial. Therefore we may assume that A ^ 2. 
Let T be a semigroup and h: Bl{S) T a homomorphism. Without loss of 
generality we can assume that the homomorphism h: Bl{S) T is a surjective 
map. Note that {0)h = Ot is the zero in T, where is the zero in Bl{S). By 
Theorem 1 of the semigroup B^{1) is congruence- free and thus Proposition [XT] 
implies that the restriction ^a(I) — * T of the homomorphism h is an 

isomorphism. 

We fix ao G I\. Next we shall show that the semigroup T is the Brandt A"- 
extension of a semigroup Tg, where Tq is the homomorphic image of the sub- 
semigroup Sag.aoi under the homomorphism h. For every a, (3 G I\, we denote 
^ {{a,ls,l3))h and T*^^ = {{{a,s,l3))h \ s e S} \ {Ot}. First we show that 
for any a,/3,7,(5 G Ix we have \T*p\ = \T*g\. 

We define the maps v^J^',?) ■ T^p ^ ^^7* 5 and (^[^f^^ : T* ^ T*^^ by the formulae 

= ■ ^ ■ and (a;)<(5|"f)' = 1^,7 ■ x ■ Is,/}- Then for any Sajj = 
((a, s,'f3))h G T*p, seS\ {0}, we get' 

= ((a, h,j))h ■ ((7, 1„ a))h ■ ((a, s, • ((/3, h,S))h ■ {{S, 1„ 
= ((a, 1„ 7) • (7, 1„ a) ■ (a, s, (3) ■ (/3, 1„ <S) • (S, ls,f3))h - 
= {{a,s,l3))h = Sa.p, 

and similarly 

/ N / (q,/3) (7,5) \ 

(S(7,5))('^(7,5) °V{aJJ)) =«7,5- 

Hence the compositions ip\l'% o ^[^f^ : T^^ ^ T^^ and ^[^'g o ^[l''^^ : T;^, ^ 
T* g are the identity maps. Therefore the maps "ysl^'^'^ and f^^'^'g^ a-rc mutually 
invertible and hence we have that \T* = \T* g\ = \Tq\ {Ot}|- This implies that 
T = hx{To\ {Ot}) X Ja U {Ot}. 

Elementary calculations shows that for all s, i G 5 \ {Os} we have 
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(2) Sa^p ■ t^.s = Ot for /? 7^ 7; and 

(3) Sq,/3 ■ Ot Ot • Sa,/3 = Ot, 

a,/?, 7,(5 G /a, and hence T is the Brandt A'^-cxtensfon of the semigroup Tg. This 
proves the last assertion of the proposition. □ 

Since a homomorphic image of a subgroup is a subgroup, Propositions 13.11 and 
imply the following: 



Corollary 3.3. Every non-trivial homomorphic image of a Brandt semigroup is a 
Brandt semigroup. 

Proposition 3.4. Let S and T be monoids with zeros, and let Ai and A2 be any 
cardinals such that A2 ^ Ai ^ 1. Let a: Bl^{S) Bl^{T) be a non-trivial homo- 
morphism. Suppose that the monoid T has the following properties: 

1) T does not contain the semigroup of L\-^ x Lx^^-matrix units; and 

2) T does not contain the semigroup of 2 x 2-matrix units B2 such that the 
zero of B2 is the zero of T . 

Then the following assertions hold: 

(i) The image of zero Qs of the semigroup Bl^{S) under the homomorphism a 

is the zero of the semigroup B'^^{T); 
{ii) If {a, Is, (3) and (7,15, (5) are distinct elements of the Brandt Xi-extension 
of the semigroup S, a, (3,^,5 £ I\^, such that ((a, I5, /3))cr e T^.^ and 
((7, ls,(5))cr g r,^K for some /i, i/, k £ Ix^, then T* ^^ n T*^ = 0. 

Proof. Suppose to the contrary, that (Os)cr is not the zero of the semigroup (T). 
Since the element {Qs)<^ is an idempotent of Bl^{T), there exists a G Ix^ such 
that (0s)(T £ T* Since B^ (1) is a congruence-free semigroup, cr is a non-trivial 
homomorphism and T does not contain the semigroup oilx^ x Ja^ -matrix units. We 
can conclude that there exist 7, <5 G 1x2 such that 7 7^ a or (5 7^ a and (B^^ {S))a- D 
T*g ^ 0. Let X G {Bl^{S))a D T*g. If 7 7^ a then the element (Os)ct • x is the 
zero of B^^iT) and if (5 7^ a then the element x ■ (Os)cr is the zero of B^_^{T). But 
x = {S)a for some non-zero element s of the semigroup B^_^{\). Therefore 

X ■ (Os)a - (.s • Os)a = (Os)a and (Os)a ■ x = (Os ■ s)a = (Os)a, 

a contradiction. Hence the statement [i) holds. 

Next we shall show that there does not exist ao G 1x2 such that ((a, I5, /3))ct, 
((/3, Is, a))(T G for distinct a,/? G Ixi- Suppose to the contrary. Then 

since Too.qq is a subsemigroup in B^^iT) and <t is a non-trivial homomorphism 
Proposition 13.11 implies 

((a, Is, (3)))<y ■ Is, a))a = ((a, Is, /3) • (/?, Is, a))a = ((a, Is, G T*„_„„ 
and 

((/3, Is, a))a • ((a. Is, = ((/3, Is, a) ■ (a. Is, P))<J = ((/3, Is, /?))^ S T*„,„„ , 
and hence 

(05)0- = ((a. Is, a) • 1s,/3))ct {{a, ls,a))a ■ ((/3, Is, G r^o.^o- 
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Then by statement (i), the element (05)0- is the zero of the semigroup B^^ (T). This 
contradicts the assumption that the monoid T does not contain the semigroup of 
2 X 2-matrix units B2 such that the zero of B2 is the zero of T. 

In the next step we shaU show that there does not exist ao G Ix^ such that 
((a, Is, I3))<T G T'qo^qo- Otherwise we would have 

(a, Is, /?) ■ ") = (a, Is, a), 

and since the homomorphism a is non-trivial, we would have 

{{a, Is, f3))a ■ ((/3.1s, a))a = {{a, Is, a))a € T*^,„„, 

and hence ((a, ls,a))a e T*^^^^. Therefore ((a. Is, /3))cr G T^^^^^^ and ((/3.1s, a))cr G 
^ao,Qo- '^'^^^ contradicts the previous statement. 

We shall show that there does not exist two distinct non-zero idempotents 
(a, Is, a) and (/3, ls,/3) inB^^(S'), q;,/3 G /a^, such that ((a, ls,Q;))cr, ((/3, ls,/3))cr G 
T*^ Qo for some ao G • Suppose to the contrary. Then 

(a,ls,a) = (a, ls,/3) • (/?, ls,a) and (/3, Is, /3) = (/?, Is, a) • (a, Is, /3), 



and hence 



((a. Is, a))a = ((a. Is, /3))a-((/3, Is, a))a and ((/3, Is, /3))a = ((/3, 1„ «))a.((a. Is, P))a. 

Since cr is a non-trivial homomorphism, Proposition 13.11 implies that (a, ls,/3)o' G 
^ao,ao and 
(/3,l„a)a G T*„_„^. Hence (a,ls,a)tT G r^„,,„ and (/3,l„/3)a G T*,^„^. This 
is in contradiction with the previous statement. 

In order to complete our proof we need to prove that there do not exist € Ix^ 
such that ((a, Is, /3))cr, {{■y,ls,S))a G T* ,^ for distinct non-idempotent elements 
(a, ls,/3) and (7, Is,'^) from the semigroup Bxi{S). Suppose to the contrary. We 
consider only the case a 7^ 7. In the case P ^ 6 the proof is similar. Then since a 
is non-trivial homomorphism, Proposition 13. II implies 

((a, Is, a))a = ((a, Is, /3) • (/3, Is, a))a = ((a. Is, /3))a • ((/3, Is, a))a G T;^, 

and 



((7, Is, 7))^ = ((7, Is, S) ■ {6, Is, 7)W - ((7, Is, S))<j ■ as, Is, 7))^ e T, 



But this contradicts the previous statement. The obtained contradiction implies 
the statement of the proposition. □ 



The following example shows that Proposition 13.41 fails in the case when the 
semigroup T contains the semigroup of 2 x 2-matrix units B2 such that zero of T 
is zero of i?2. 

Example 3.5. Let B2 be the semigroup of 2 x 2-matrix units. Let S be the 
semigroup B2 with the adjoined identity and /4 — {1,2,3,4}. Wc define a map 
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/i: i?4 — > Bi{S) as follows: 





0, 






((1,1))/.^ 


(1,(1,1),1), 


((2,2))/.= 


(1,(2,2), 1), 


((3,3))/i = 


(2, (1,1), 2), 


((4,4))/.= 


(2, (2, 2), 2), 


((1,2))/.== 


(1,(1,2),1), 


((2,1))/.= 


(1,(2,1),1), 


iil,'S))h = 


(1,(1,1),2), 


((3,1))/.= 


(2,(1,1),1), 


((1,4))/.- 


(1,(1,2),2), 


((4,1))/.= 


(2,(2,1),1), 


((2,3))/.= 


(1,(2,1),2), 


((3,2))/.= 


(2,(1,2), 1), 


((2,4))/.= 


(1,(2,2),2), 


((4,2))/.= 


(2,(2,2),1), 


((3,4))/.= 


(2, (1,2), 2), 


((4,3))/.= 


(2, (2,1), 2), 



where by we denote the zeros of semigroups B4 and B^IS). Elementary calculation 
shows that the map h: B4 ^ Bi{S) is a semigroup homomorphism. 

The following example shows that Proposition 13.41 fails in the case when the 
semigroup T contains the semigroup of Ix^ x /a^ -matrix units B\-^. 

Example 3.6. Let Ai and A2 be any cardinals ^ 2. Let P be the semigroup of 
^Ai X /ai -matrix units Bx^ with the adjoined identity ti, Oi be the zero of Bx^ and 
let z ^ P. We extend the semigroup operation onto T = P U {z} as follows: 

s-z = z- s = z- z = z, for all s G P. 

Obviously, z is the zero of the semigroup T. 

Let 5* be a monoid with the zero Os of cardinality ^ 3. We define a map 
a: B1_^{S) B1^^{T) as follows: fix arbitrary a G /aj and put 

, , _ J (a, (/3, ii, 7), a), if a; = (/3, s, 7) is a non-zero element of i?"^ (5); 
^'^^'^ \ (a,Oi,a), if a; is zero of 5°^ (5). 

Obviously, such a map a: i?^^(5) B^^(T) is a semigroup homomorphisms. 

Definition 3.7. Let A be any cardinal ^ 2. We shall say that a semigroup S has 
the B* -•property if S* does not contain the semigroup of 2 x 2-matrix units and that 
S has the B\-property if S satisfies the following conditions: 

1) T does not contain the semigroup of Ix x /^-matrix units; and 

2) T does not contain the semigroup of 2 x 2-matrix units B2 such that the 
zero of B2 is the zero of T. 

Obviously, a semigroup S has the Z5*-property if and only if S has the SJ- 
propcrty, and hence Proposition 13.41 implies: 

Corollary 3.8. Let S and T he monoids with zeros, and Ai and A2 any cardinals 
such that A2 5^ Ai ^ 1. Let a: B\ (S) — > B^ (T) be a non-trivial homomorphism. 
If the monoid T has the B* -property, then the following assertions hold: 

(.) The image of the zero O5 of the semigroup B^^ (S) under the homomorphism 

a is the zero of the semigroup B^ (T); and 
(ii) If {a,\s, (3) and (7,15,5) are distinct elements of the Brandt Xi-extension 
of the semigroup S, a, (3,^,5 G Ix^, such that ((a. Is, /3))cr G T^,j/ and 
((7, Is, 8))(j G for some /i, i',l,k& h^, then T* ^, n T*^ = 0. 
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Corollary 3.9. Let S and T be monoids with zeros, and Ai and A2 any cardinals 
such that A2 Ai ^ 1. Let a: Bl^{S) — > B^^[T) he a non-trivial homomorphism. 
Let a, f3 G and {a,ls, P)<J £ s- Suppose that the monoid T has the B*- 
property. Then the following assertions hold: 

(i) Lf {a, s, (3)a is anon- zero element of the semigroup B^^^iT), then (a, s, I3)a G 
T* ,5; and 

(ii) If {a,s,l3)u is a non-zero element of the semigroup B^^{T), then such is 
also (ai, s, /?i)cr for all ai, /3i G . 

Proof. The statement (i) follows from Proposition 12. If m). 

Suppose there exist G /ai such that (ai, s, /3i)(t = O2 is the zero of the 

semigroup i?^^ (T). Then 

{a,s,(3)a =((a,ls,ai) • (ai,s,/3i) ■ (/3i,1s,^))ct = 

= ((a, ls,ai))(J ■ ((Q;i,s,/?i))cr • ls,P))(^ 
= ((a, Is, ai))a ■ O2 • ((/3i, Is, /3))^t = O2. 
The obtained contradiction implies the assertion {ii) of the corollary. □ 

The following theorem describes all non-trivial homomorphisms of the Brandt 
A°-extensions of monoids with zeros. 

Theorem 3.10. Let Ai and A2 he cardinals such that X2 ^ M ^ 1- Let (5) 

and B1^(T) he the Brandt Aj*- and X^-extensions of monoids S and T with zero, 
respectively. Let h: S T he a homomorphism such that {Os)h = Ot and suppose 
that tp: Ix-^ is a one-to-one map. Let e he a non-zero idempotent of T , 

He a maximal suhgroup of T with the unity e and u : He a map. Then 

Ih = {s & S \ {s)h = Ot} is an ideal of S and the map a: Bl^(S) B^^{T) 
defined by the formulae 

{{a,s,p))a - <^ O2, if sell, 

and (Oi)(7 = O2 is a non-trivial homomorphism from B^ (S) into B^ (T). More- 
over, if for the semigroup T the following assertions hold: 

(i) Every idempotent of T lies in the center of T; and 
(ii) T has the B'^_^ -property, 

then every non-trivial homomorphism from B^ (S) into B^ (T) can be constructed 
in this manner. 

Proof. A simple verification shows that the set 1^ is an ideal in S and that is a 
homomorphism from the semigroup into the semigroup B^^(T). 

Let a : B^^ (S) B^^ (T) be a non-trivial semigroup homomorphism. We fix 
a G /ai • Since the homomorphism a : B^^ (S) — > (T) is non-trivial, ((a, ls,cy))a 
is a non-zero idempotent of B^^iT), and hence ((a,ls,Qf))CT = (a',e,a') for some 
e G {E{T))* and a' G 1x2- Let He be a maximal subgroup in T which contains e as 
a unity and let Gi be the group of units of S. Therefore we have that {{Gi)a.a)cr C 

{,He)oL ',a ' ■ 

Since {(3, Is, a){a, Is, a) = (/3, Is, for any j3 E I\^, we have 
((/?, ls,a))cr = ((^,ls,a))cr- {a',e,a'), 
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and hence 

((/?,l5,a))a = ((/3V,(/3)u,a'), 
for some (/3)(/5 G Ix^ and {(3)u G T. Similarly, we have 

((a,l5,/3))a-(a',(/3)i;,(/3)V), 

for some (/3)V' G I^^ and {(3)v G T. Since (a, Is, /3)(/3, Is, a) = (a. Is, a), we have 

(a', e, a') = ((a, Is, = (a', (/3)«, (/3)^) • ((/3)v5, (/?)«,«') = (a', (Z?)!- a'), 

and hence (/3)(y9 = (/3)'(/' = /3' G and (/3)w • {f3)u = e. Similarly, since Is, a) ■ 
(a, Is, /?) = (/?, Is, we see that the element 

((/?, Is, = ((/3, Is, Is, = (/?', {P)v ■ if3)u,f3') 

is an idempotent, and hence the element / = {P)v ■ {f3)u is an idempotent of the 
semigroup T. Since idempotents of T lie in the center of T, we conclude that 

[a ', e, a') = Is, a))a = ((«, Is, /?) • Is, /?) • (/?, Is, a))a = 

= (a', • (/?',/,/?')■ (/3',(/3K«') = 

= (a ■f-{f3)u,a') = ia'J-i(3)v (/3)w, a ') = 

= ("',/ -6,0;') 

and 

(/?', /,/?') Is, /3))a = Is, «) • (a. Is, a) ■ (a, Is, = 

= (/3 ', (/3)u, a ')• (a ',e, a /3') = 

= (/?', if3)u ■ e • (/3)i', a') = (/?', • • e, /?') = 

= (/3',/-e,/?'), 

and hence e = f ■ e = f . Therefore {(3)v ■ {P)iL = (/3)u • (/3)w = e, (/3)tt G iJe, 

and hence and (/3)u are inverse elements in the subgroup He- If (7)'/' = (<5)v 
for 7, (5 G /ai then 

Oi ^ (a', e, (7)^) ■ e, a ') - Is, l))<J ■ ((^, Is, a))<7, 

and since ct is a non-trivial homomorphism, we have (a, Is, 7) • (<5, ls,Q!) 7^ and 
hence 7 = (5. Thus : Ix-^ — > is a one-to-one map. 
Therefore for s E S \ Ih we have 

((7, s, = ((7, Is, a) ■ {a, s, a) ■ {a, Is, S))(t = 

= ((7, Is, a))cr ■ ((a, s, a))cr • {{a, Is, (5))(t = 

= ((7)95, (7)",«') • («', • (a', (W^)"', {SM = 

= {{j)^,{^)u-{s)h-{{S)u)'\{6)^). 

CoroUarv 13 .91 implies that ((a, s, /3))cr = O2 for all s E Ih and by Proposition [3]4] we 
conclude that (Oi)cr = 62. □ 

Remark 3.11. We observe that if a semigroup T satisfies one of the following 
conditions: 

(i) T* is a cancellative monoid; or 
(m) T is an inverse Clifford monoid, 
then the second assertion of Theorem 13.101 holds. Also, Examples 13.121 and 13.131 
imply that this statement is not true for inverse monoids with zeros and completely 
regular monoids with zeros. 
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Example 3.12. Let T be the bicyclic semigroup '^{p,q) ~ {p,q \ pq = 1) with 
adjoined zero. Then we can write every element of the semigroup '>f(j>, (?) as q''p' 
for some i, j = 0, 1,2, . . . . We define a homomorphism cr: B2 B2{'^{p,q)) as 
follows: 

(Oi)a = O2, 

((l,l,l))a= (1,1,1), ((l,l,2))a=(l,p,2), 

((2, 1, 2))a = (2, qp, 2), ((2, 1, l))<j = (2, 9, 1). 

Example 3.13. Let T be a 2 x 2-rectangular band with adjoined unity It and 
zero Ot, i. e. T = {(1, 1), (1, 2, ), (2, 1), (2, 2), Ot}- We define a homomorphism 
a: B!^^ B2(T) as follows: 

(Ol)(T = 02, 

((l,l,l))a= (1,(1,1), 1), ((l,l,2))a= (1,(1,2), 2), 

((2, 1, 2))a = (2, (2, 2), 2), ((2, 1, l))a = (2, (2, 1), 1). 

Wc observe that a composition of two non-trivial homomorphisms of the Brandt 
A-cxtensions of monoids with zeros may be the trivial homomorphism. This obser- 
vation follows from the next example. 

Example 3.14. Consider the set E = {a, b, c} with the following semigroup oper- 
ation: 

a ■ a ^ a, a ■ b = b ■ a ~ b and a-c = c- a^b-c~c-b = c- c = c. 

Then E with this operation is a semilattice with zero c and unity a, and hence 
the conditions (i) — (ii) of Theorem 13.101 hold for the monoid E. We define a 
homomorphism h: E ^ E as follows: {a)h = b and (b)h — {c)h = c. Then for any 
non-empty set I\ the homomorphism a : B^ (E) — > (E) defined by formulae 

{{a,a,/3))a = {a,b,l3), ((a, 6, /3))(t = 0, and (O)o- = 0, 

where a,(3 £ I\ and is the zero of the semigroup Bl{E), the composition a o 
cr: B1{E) B^{E) is the trivial homomorphism. 

Proposition 12. iT z) yields simple sufficient conditions that a composition of non- 
trivial homomorphisms of the Brandt A'^-cxtensions is a non-trivial homomorphism: 

Proposition 3.15. Let Ai , A2 and A3 be cardinals such that Ai ^ A2 ^ A3 and let 

S , T and R be monoids with zeros. Let ai : B^^ (S) B^^ (T) and 02 ■ B^^ (T) 
-B"^ (i?) be non-trivial homomorphisms. If one of the following conditions holds 

(i) For some a € the restriction ai\s^ „ : Sa,a — > {Sa, 0)1^1 C Bl^{T) of ai 

is a monoid homomorphism; or 
(ii) E(T)^{1t,0t}, 
then the composition oio 02'. Bl^{S) Bl^{R) is a non-trivial homomorphism. 

Since the semigroup of matrix units is congruence- free (cf. Theorem 1 of [8]), 
we get the following proposition: 

Proposition 3.16. Let Ai, A2 and A3 be cardinals such that Ai ^ A2 ^ A3 and let 

S, T and R be monoids with zeros. Let cti : Bl^{S) B'^^(T) and 02'. Bl^{T) 
-B"^ (R) be non-trivial homomorphisms. Then the composition cti o (72 : i?^^ (S) 
B^ (R) is a non-trivial homomorphism if and only i/ ((a, I5, /3))(Ti ^ {(a',t,/3') £ 
BlliT) I ((a',t,/3'))^2 = O3}, for some «, /? G /a, , a', /?' G /a. • 
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4. The category of the Brandt A°-extensions of monoids with zeros 

Let S and T be monoids with zeros. Let Homo(>5', T) be the set of aU homomor- 
phisms a: S —f T such that (Os)cr = Ot- We put 

Ei(5,T) = {ee E{T) \ there exists a e Hoino(S',r) such that (Is)cr = e} 

and define the family 

jri(5,T) = {i7(e) |eeEi(5,r)}, 

where we denote the maximal subgroup with the unity e in the semigroup T by 
H{e). Also by *8 we denote the class of monoids 5* with zeros such that S has 
S*-property and every idempotent of S lies in the center of S. 
We define a category [J§ as follows: 

[i) Oh{S§) = {(S*, /) I 5 £ 05 and / is a non-empty set}, and if 5' is a trivial 
semigroup then we identify (5, /) and {S, J) for all non-empty sets / and 

J; 

{a) Mor(,^) consists of triples {h,u,ip): (5,/) ~> (5',/'), where 
/i: 5 — > 5' is a homomorphism such that h G Homo(5', S'), 

(1) u: / -> H{e) is a map , for H{e) £ Jifi{S,S'), 
(p: I I' is an one-to-one map, 

with the composition 

(2) {h,u,ip){h\u' = {hh', [u,ip,h' ,u'],(pip'), 
where the map [u,ip,h' ,u']: I ^ H{e) is defined by the formula 

(3) {a)[u,tp,h',u']^{{a)ip)u' ■{{a)u)h' for a G /. 

A straightforward verification shows that is a category with the identity mor- 
phism £(5,7) = (IdsjUojId/) for any {S,I) G Ob(^), where Ids: S ^ S and 
Id/ : I I are identity maps and {a)uQ ~ I5 for all a £ I. 
We define the category as follows: 

(i) Ob(,^*(o5^)) are all Brandt A" -extensions of monoids S with zeros such 
that S has the Z5*-property and every idempotent of S lies in the center of 
S; 

{ii) 'M.or{3§* (S^)) are homomorphisms of the Brandt A"-extensions of monoids 
S with zeros such that S has the B*-property and every idempotent of S 
lies in the center of S. 

For each (5, /a J G Ob(^) with non-trivial S, let B{S,h,) = Bl^{S) be the 
Brandt A°-extension of the semigroup S. For each {h, u, ip) G 'M.or{3§) with a non- 
trivial homomorphism h, where {h,u,(p): {S,I\^) (T, Ix^ ) and (T, Ix^ ) G Oh{S§) , 
we define a map B(/i, w, ip) : B(S', ) = [S) B(T, A, ) = (T) as follows: 
(4) 

O2, if sel*, 

and (Oi)[B(/i, M, 1^9)] = O2, where //j = {s G 5 | (s)/i = Ot} is an ideal of S 
and Oi and O2 are the zeros of the semigroups B1^{S) and B1^{T), respectively. 
For each (/i, u, (p) G Mor(i^) with a trivial homomorphism h we define a map 
B(/i,u,^): B(5,/aJ = ^B(T,AJ =i?°^(T) as follows: (a)[B(/i, u, ^)] 



((a,s,/?))[B(/i,u,(p)] 



12 



OLEG GUTIK AND DUSAN REPOVS 



O2 for all a £ B{S,I\^) = Bl^{S). If 5 is a trivial semigroup then we define 
B(5, to be a trivial semigroup. 

A functor F from a category '^^ into a category is called full if for any 
a,b ^ Ob('^#') and for any ^-morphism a: Fa — » F6 there exists a '^^'-morphism 
(3: a b such that F/3 = a, and F called representative if for any a £ Ob(^) 
there exists b £ Ob(^^) such that a and Fb are isomorphic. 

Theorem 4.1. B is a full representative functor from into ^*(^). 

Proof For any (5, /a) € Ob(^), B{{S,h)) is the the Brandt A°-extension of 
the monoid with zero S by Proposition 13.21 and hence wc have that B(S', S 
Ob(^* (^)). By Theorem [3J0l we have that for a ^-morphism {h, it, : (S", ) ^ 
(T, /aj), B(/i, M, 1^9) is a non-trivial homomorphism of B(S', /aj) into B(T, /A2) in the 
case when h is a non-trivial homomorphism. Obviously, Be(s /) = B(Ids, ito, Id/) 
is the identity automorphism of B(S', /). Let {h,u,(p): {S,I\^) (T, /aj) and 
{f,v,ijj): {T,I\^) — > {R,I\^) be i^-morphisms with non-trivial h and /. Then for 
any (a, s, /?) G B(S', Ja^ ) we get 

(a,s,/3) [B(/i,u,(p)][B(/,z;,^)] = 

(((a)^,(a)H.(s)/i.((/3H-i,(/3)^))[B(/,^;,^)], if siS\h; 

\ (02)[B(/,«»], if sell 

(((«)<^, • ■ mn)-\ [B(/, ^)] = 

^ f(((a)^)7^,((«V)z;.((a)j..(s);i.((/?)«)-i)/.(((/?)^)i;)-\((/3)^)^), if {a)u-{s)h-mu)-HT\If, 
\ (02)[B(/,i;,V)], if 

^ f(((a)vp)V,(((a)^)«-((aH./)-((s)/i)/-(((/3)^>-((/?)^i)/)"\((/?)^)V), H {a)u-{s)h-mu)-HT\If; 
\ (02)[B(/,i;»], ii{a)u-{s)h-mu)-^£ll 

and (Oi)[B(/i,u,(p)][B(/, «,■(/;)] = (O2) [B(/, w, V)] === O3. In the case when for at 
least one of the .^-morphisms {h, u, ip) : [S, ) — > (T, ) and (/, v,ip): (T, ) — > 
(i?, /as); either hor f is trivial, we have by Proposition l3 . ll that {x)[B{h, u, </?)] [B(/, u, V')] = 
O3. Therefore B preserves the compositions of morphisms, and hence B is a functor 
from .g§ into 

Theorem 13.101 implies that the functor B is full and by the definition of the 
Brandt A'^-extension we conclude that the functor B is representative. □ 

We define the first series of categories ^J^, ^J^^, ^^2 and SS'^ as 

follows: 

{i) Ob(^J^) = {(S', /) I S' S 33 is an inverse monoid and / is a non-empty set}, 
and if 5 is a trivial semigroup then we identify (5, /) and (5, J) for all non- 
empty sets I and J; 

Oh[S§.yig) = {{S,I) I S" is an inverse Chfford monoid and / is a non-empty set}, 
and if 5 is a trivial semigroup then wc identify (S", /) and [S, J) for all non- 
empty sets I and J; 

Oh{^^S5^^) = {(5,/) I 5 is a semilattice with unity and zero and / is a 
non-empty set}, and if S" is a trivial semigroup then wc identify [S, I) and 
{S, J) for all non-empty sets / and J; 

Ob(^c5^2) = {(5',/) I 5 is a monoid with two idempotents, the zero and 
the unity and / is a non-empty set}; 

Ob(^^^) = {{S,I) I is a group and / is a non-empty set}; 
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{ii) Mor{^y), Mor(^J^^), Mor(^^^), Mor(^j5^2) and Mor(^^) con- 
sist of corresponding triples {h, u, ip) : [S, I) (S", /'), which satisfy con- 
dition (P). 

Obviously, 3§J^, SSJ^, SS^^, SS^i and are subcategories of the category 

The second series of categories .^*{J5^), SS^i^J'^S^), 3§*{y^), m*{5^2) and 
S^*(^) is defined as follows: 

(i) OhiSS* (j^o5^)) are all Brandt A°-extensions of inverse monoids S with zeros 
such that S has Q5*-propcrty and every idempotent of 5* lies in the center 
of 5; 

Ob(^*(j^'^^)) arc all Brandt A"-extcnsions of inverse Clifford monoids 
with zeros; 

QihiSS* {5^ y)) are all Brandt A°-cxtensions of semilattices with zeros and 
identities; 

Ob(^*(o$^2)) are all Brandt A°-extensions of monoids with two idempotents 
zeros and identities; 
Ob(^*(?^)) are all Brandt semigroups; 
{ii) Mor{£g*{j^y)), Mor{3§*{y'^y)), Mor{3§*{yy)) and Mor(^*(j5^2)) 
are homomorphisms of the Brandt A'^-extensions of monoids S with zeros 
such that S has the S*-property and every idempotent of S lies in the center 
of S, inverse Clifford monoids with zeros, semilattices with zeros and iden- 
tities, monoids with two idempotents zeros and identities and Mor(^* ($^)) 
be non-trivial homomorphisms of Brandt semigroups. 

The proof of the following proposition is similar to the proof of Theorem 14.11 

Proposition 4.2. B is a full representative functor from [resp., IMJ^'^, 

SSyy, and m\ into SS*{jy) {resp., SS^iJ'^y), SS*{y^), 38* {y^) 

and ^*(^)]. 

Proposition 4.3. Let {h, u, ip) : (5, h, ) ^ (T, ) and (/, V) : {S, h, ) ^ (T, h, ) 

be y -morphisms. Then B{h, u, ip) = B[f, v, ip) if and only if h = f , u = v 
and If = ijj. 

Proof. By definition of the functor B we have B(/i, u, ip) = B(/, i;, ^) if and only if 
{{a)p, {a)u ■ {s)h ■ mn)-\ {P)^) = ((a)^, {a)v ■ {s)f ■ m^r\ iP)^), 

for (a, s,/3) G B(5, /ai). Then p = ip and since for semilattices S we have {a)u = 
{ls)h and (a)v = iia)v)-^ = (Is)/, we get that h = f. □ 

Remark 4.4. The definition of the functor B implies that B is one-to-one on 
objects of the category [resp., ^J^*^, ^yy, ^y^ and SS^\. Also, Propo- 
sition 14.31 implies that the functor B is one-to-one on morphisms of the category 
SSy y ^ but Proposition II. 3. 9 of [15] implies that the functor B is not one-to-one 
on morphisms of the category SSJ [resp., , and SS^\. 

Therefore Theorem 14.11 and Proposition 14.31 implv: 

Corollary 4.5. The categories l^yy and 3§*{yy) are isomorphic. 
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5. Topological Brandt A'^-extensions of topological monoids with 

ZERO 

A topological space S which is algebraically a semigroup with a jointly contin- 
uous semigroup operation is called a topological semigroup. A topological inverse 
semigroup is a topological semigroup S that is algebraically an inverse semigroup 
with continuous inversion. If t is a topology on a (inverse) semigroup S such that 
(5, r) is a topological (inverse) semigroup, then r is called a (inverse) semigroup 
topology on S. 

In this section we shall follow the terminology of [2] and [7|- 

Definition 5.1 ([H]). Let be some class of topological monoids with zero. Let 
A be any cardinal ^ 1, and (5*, r) £ S^. Let tb be a topology on -B°(5') such that: 

a) {b1{S),tb) G y; and 

b) tb\sc a ^ ''' foi' some a E Ix. 

Then (_B^(S'),ts) is called the topological Brandt \^ -extension of {S,t) in .5^. If 
coincides with the class of all topological semigroups, then (_B"(5), r^) is called 
the topological Brandt \^ -extension of {S,t). 

Results of Section 2 of |12j imply that for any infinite cardinal A and every non- 
trivial topological semigroup S, there are many topological Brandt A" -extensions of 
5, and for any topological inverse semigroup T, there are many topological Brandt 
A'^-extensions of T in the class of topological inverse semigroups. Moreover, for any 
infinite cardinal A on the Brandt A^-extcnsion of two-element monoid with zero 
(i. e., on the infinite semigroup of I\ x /^j-units) there exist many semigroup and 
inverse semigroup topologies (cf. pTj). 

These observations imply that for infinite cardinals A there does not exist a 
proposition for topological semigroups similar to Theorem 14 . II and Propositions 14.21 
and 14.31 In this section we prove such statements for any finite non-zero cardinals. 

Proposition 5.2. Let A be any finite non-zero cardinal. Let he {S,t) a topolog- 
ical semigroup and tb a topology on B^{S) such that (B'^{S),tb) is a topological 
semigroup and tbIso, a ~ ''' some a E L\. Then the following assertions hold: 
(i) If a non-empty subset A ^ Qs of S is open in S , then so is Ap^j in 

{Bl{S),TB)foranyP,^eIx; 
(a) If a non-empty subset A 3 Os of S is open in S , then so is [J^ -yei^ ^0,7 
{bI{S),tb); 

{Hi) If a non-empty subset A ^ Qs of S is closed in S, then so is Ap^^ in 

{B'i{S),TB) for any f3,jeh; 
(iv) If a non-empty subset A 3 Os of S is closed in S , then so is [Jp -yei^ -^0,1 

m{Bl{S),TB); 

(v) If X is a non-zero element of S and SS^ is a base of the topology r at x, 
then the family -^(p.x.-y) = I U £ ^x} is a base of the topology tb at 

the point (/3,a;,7) € B'^{S) for any /3,7 £ I\; 
{vi) If is a base of the topology t at zero Os of S, then the family I^q = 
{U/3 7e7;^ f^/3-7 I ^ S -^Os} is base of the topology tb at zero of the 
semigroup _B^(5'). 

Proof (i) Let ^ be an open set in (_B"(S'), rs) such that W Cl Sa^a £ TB\sa,,a- 
Suppose that W ^. Wc fix (a, a;, a) £ W. Since (a. Is, Q;)-(a, x, a)-{a, Is, a) = 
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(a,x, a), there exists an open neighbourhood U of the point {a,x,a) such that 
U CW a.nd (a, Is, a) • U ■ (a,l^,a) CW. If U <^ then £ (a, Is, a) • U ■ 

{a, Is, a) C W, a contradiction. Therefore for any {a,x,a) £ W there exists an 
open neighbourhood of {a,x,a) such that U C S"* „, and hence W H ^ is an 
open subset in (i3"(S'), r^) . 

By Definition lS. li the set Aa^a is open for some a G /a- Since the map (f"" : Bl{S) — > 
Bl{S) defined by the formula {x)ip"g = (a. Is, 7) ■ x ■ {6,1s, a) is continuous, we 
get that the set A^^s — iAa.a){^'^s') ^ is open in tb) for any 7, (5 e I\. 

Let A 3 he an open subset in S and W an open subset in {B1{S),tb) such 
that W n S'q,q, = Aq,^q for some a G 7^. Since the map ip'^f is continuous for any 
a, 7, (5 G /a, the set 

A^,5 = U 5't,K U ^7,5 

is an open subset in (5^(5), t^) . Then since the set I\ is finite, we have that 
Aa,i3 = ^7,15 this implies statement (m). 

Statements (in) — (vi) follow from (i) and (m). □ 

Remark 5.3. Note that the statements (i), (Hi), {iv) and (v) of Proposition [5721 
hold for any infinite cardinal A. However, Example 21 and Proposition 25 of [11] 
imply that the statements (m) and (vi) are false for any infinite cardinal A. 

We shall need the following lemma from [T^] : 

Lemma 5.4 ( [12[ Lemma 1]). Let X ^ 2 be any cardinal and Bl(S) the topological 
Brandt X'^ -extension of a topological monoid S with zero. Let T be a topological 
semigroup and h: T he a continuous homomorphism. Then the sets 

{Aap)h and (A-ys)h are homeomorphic in T for all a, P,"f,5 G Ix, and all ACS. 

Proof. If h is an annihilating homomorphism, then the statement of the lemma is 
trivial. 

Otherwise, we fix arbitrary a, /?, 7, (5 G I\ and define the maps (ys^^^ : T ~* T and 
^'^s : r T by the formulae 

= {{lXa))h-si{f3,l,5))h and (s)^^f = {{a,l,^))h-s-{{5,\, P))h, 
s £ T. Obviously, 

((((a,a:,/3))/i)v?21^)) ^"f = {{a,x,P))h and x , 6)) h) (p'^^'j (pl^^ = {{-/,x,6))h, 

for all a,(3,j,S G /a, a; G S^, and hence ip^fp Uq/3= {'p'^s)~^ Ucti- Since the maps 

'fi'ap 'fijS ^^'^ continuous on T, the map 1^9^^ |/i(A„a)- ^{Aap) — > h{Ajs) is a 
homeomorphism. □ 

Proposition 5.5. Let X^ 1 be any cardinal and the topological Brandt X^- 

extension of a topological ( inverse ) monoid S with zero in the class of topological 
(inverse) semigroups 6. Let T G S and h: Bl{S) T be a continuous homomor- 
phism. Then the image (B^{S))h is the topological Brandt X^ -extension of some 
monoid M & with zero in the class S. 
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Proof. Proposition 13.21 implies the algebraic part of the proposition. Since a sub- 
semigroup of a topological semigroup is a topological semigroup, Lemma [5 . 41 implies 
that {Bl{S))h is the topological Brandt A°-extcnsion of {Sa,a)h for some a S I\. 
Also if S and T are topological inverse semigroups, then by Proposition II. 2 of [6] 
the image {Bl{S))h is a topological inverse semigroup. □ 

Corollary 13.31 and Proposition 15.51 imply: 

Corollary 5.6. Let B\{G) be a topological (inverse) Brandt semigroup. Let T he a 
topological (inverse) semigroup andh: B\{G) T be a continuous homomorphism. 
Then the image {B\{G))h is a topological (inverse) Brandt semigroup. 

Proposition 15.21 and Lemma 15.41 imply the following: 

Lemma 5.7. For any topological monoid (S*, r) with zero and for any finite cardinal 
A ^ 1 there exists a unique topological Brandt -extension (^B1{S),tb) and the 
topology tb generated by the base — [J{-^B{t) \ t S B'^{S)} , where: 

(i) ^B(t) = {(C/(s))a,/3 \ {Os} I U{s) e .^sis)}, when t = {a,s,l3) is a non- 
zero element of Bl{S), S />; 
{li) ^b(O) = {Ua/3e/.(f^(0s))a./3 | UiOs) € ^s{Os)}, whcn IS the zero of 
BUS), 

and £i§s{s) is a base of the topology r at the point s £ S . 

Moreover, if X ^ 1 is any finite cardinal then a topological monoid (S, r) with 
zero is a topological inverse semigroup if and only if (^B^{S),tb) is the topological 
Brandt X^ -extension of {S,t) in the class of topological inverse semigroups. 

The topological Brandt A'^-extension (i?^(S'), tb) is called compact (resp., count- 
ably compact) if the topological space (_B^(S'),tb) is compact (resp., countably 
compact). 

Propositions l5.8l and l5.9l describe the structures of compact Brandt A°-extensions 
and countably compact Brandt A°-extensions in the class of topological inverse 
semigroups. 

Proposition 5.8. A topological Brandt X'^ -extension Bl(S) of a topological monoid 
{S, t) with zero is compact if and only if the cardinal X ^ I is finite and (S, t) is 
a compact topological semigroup. Moreover, for any compact topological monoid 
{S, t) with zero and for any finite cardinal A ^ 1 there exists a unique compact 
topological Brandt X^-extension {B'^{S),tb) and the topology tb generated by the 
base £§B = \J{^B{t) I t e BliS)}, where: 

(i) ^B{t) = {{U{s))a.,f3 \ {Os} I U{s) £ ^s{s)}, when t = (a, s,/3) is a non- 
zero element of B^{S), a.,(3 £ L\; 
[li) ^b(O) = {Ua/3e/.(t^(0s))a./3 | U{Os) S ^s(Os)}, whcn IS the zero of 
BUS), 

and 3§s{s) is a base of the topology t at the point s £ S . 

Proof. Since by Theorem 10 of [llj . the infinite semigroup of matrix units does not 
embed into a compact topological semigroup, the compactness of the topological 
Brandt A°-extension (^B'^{S),tb) of a topological semigroup {S,t) implies that the 
cardinal A is finite. Then by Theorem 1.7(e) of [2 Vol. 1], {a, Is, a)Bl{S){a, Is, a) = 
Sa,a is a compact semigroup for any a £ L\, and hence {S,t) is a compact topo- 
logical semigroup. The converse follows from Lemma [5^ and the assertion that the 
finite union of compact spaces is a compact space. 
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Lemma 15.71 implies the last assertion of the proposition. □ 

Proposition 5.9. The topological Brandt \^ -extension Bl{S) of a topological monoid 
{S, t) with zero in the class of topological inverse semigroups is countably compact if 
and only if the cardinal X ^ 1 is finite and {S, r) is a countably compact topological 
inverse semigroup. Moreover, for any countably compact topological monoid (S, t) 
with zero and for any finite cardinal A ^ 1 there exists a unique compact topological 
Brandt -extension (5^(5"), tb) in the class of topological inverse semigroups and 
the topology tb generated by the base SSb = [J{^B{t) \ t € Bl{S)}, where: 

(i) SSsit) = {{U[s))a,i3 \ {O5} I U[s) e ^s{s)}, when t = (a, s,/3) is a non- 
zero element of Bl{S), a,(3 ^ I\; and 
iii) ^b(O) = {Ua;3e/.(C^(0s))a,/3 I C/(Os) e ^s(Os)}, when is the zero of 
BUS), 

and 3§s{s) is a base of the topology t at the point s €z S . 

Proof. By Theorem 14 of [TT], the semigroup of Ix x /A-matrix units is a closed 
subsemigroup of any topological inverse semigroup T which contains it. By Theo- 
rem 6 of [llj . on the infinite semigroup of matrix units there exists no countably 
compact inverse semigroup topology. Therefore A is a finite cardinal, hence by The- 
orem 1.7(e) of [1 Vol. 1] and Theorem 3.10.4 of H, {a,ls,a)B°{S)ia,ls,a) = 3^,^ 
is a countably compact topological semigroup for any a € Ix, and thus {S,t) is a 
countably compact topological semigroup. The converse follows from Lemma 15.41 
and the assertion that the finite union of countably compact spaces is a countable 
compact space. 

The last assertion of the proposition follows from Lemma [5771 □ 

Theorem 5.10. Let Xi and A2 be any finite cardinals such that X2 ^ Xi ^ 1. 
Let B^_^{S) and B^^iT) be topological Brandt X^- and X2-extensions of topological 
monoids S and T with zero, respectively. Let h: S ^ T be a continuous homo- 
morphism such that {Os)h = Ot and tp: Ixi 1x2 one-to-one map. Let e 
be a non-zero idempotent of T, He a maximal subgroup of T with unity e and 
u: Ixx — >■ Hf, a map. Then Ih = {s & S \ {s)h = Or} is a closed ideal of S and the 
map a: B'^_^{S) — > B^^iT) defined by the formulae 

[[a,s,p))a - <^ O2, if se/,:, 

and (Oi)f7 ~ O2, is a non-trivial continuous homomorphism from B^^^S) into 
^A, (^) ■ Moreover if for the semigroup T the following conditions hold: 

(i) Every idempotent of T lies in the center of T ; and 

(ii) T has B^^ -property, 

then every non-trivial continuous homomorphism from B^ {S) into B^ (T) can be 
so constructed. 



Proof. The algebraic part of the theorem follows from Theorem 14. II 

Since the homomorphism h is continuous, Ih = (Ot)/^^^ is a closed ideal of the 

topological semigroup S. 

Further we shall show that the homomorphism a is continuous whenever is also 

h. We consider the following cases: 

{i) (Oi)a = 02; 
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(m) {{a,s,(3))a = O2, i. c. s e 7^; and 

{Hi) {{a,s,(3))a = {{a)ifi, {a)u ■ {s)h ■ {(3)(p), 
where (a, s, P) is any non-zero element of the semigroup {S). 

Without loss of generahty we may assume that <f-I\^ is a bijection. 

Moreover, for the simplification of the proof we can assume that {a)(p = a for all 
a e /ai . 

Consider case (i). Let [/(O2) = Ua /3e7;^ (?7(0t))q,;3 be any open basic neighbour- 
hood of the zero O2 in B^^ (T) . Since left and right translations in T and the homo- 
morphism h: S ^ T are continuous maps, there exists for any (a)u, {{(3)u)^^ G 
Bl^{S), an open neighbourhood F"'^(Os) in S such that {a)u ■ (V^"'^(Os))/i • 
mu)-' C C/(Ot). Wc put V{Qs) = n„,/3e/., ^"'''(05) and ^(Oi) = Uo,/3e/., (^(05))a,/3. 
Then (T^(Oi))cr C [/(Oz). 

In case (m) we have that {s)h = Ot- Let J7(02) — Uq ,3e/;^ (C^(0t))q,/3 be any 
basic open neighbourhood of the zero O2 in (T) . Since left and right transla- 
tions in T and the homomorphism h: S T are continuous maps, for the open 
neighbourhood U{Ot) of the zero there exists an open neighbourhood ^(.s) 
of s in S' such that (a)u ■ {V{s))h ■ {{(3)u)~^ C U{Qt)- Therefore wc have that 

C [/(O2). 

Next we consider case (Hi). Let Ua^p be any basic open neighbourhood of the 
element ((a, s,/?))cr = {a, {a)u ■ {s)h ■ in B°^^{T). Since left and right 

translations in the semigroup T and the homomorphism h: S ~> T arc continuous 
maps, there exists an open neighbourhood V{s) of the point s in S' such that 
{a)u ■ {V{s))h ■ C U and hence wc get iiV{s))a.,f3)a- C U^p. 

Since left and right translations in the topological semigroup B^ (T) are contin- 
uous and any restriction of a continuous map is a continuous map, the continuity 
of the homomorphism a : _B"^ (S) B^^ (T) implies the continuity of h. □ 

Note that the statements of Theorem 15.101 are false for the topological Brandt 
A'^-cxtcnsions when A is an infinite cardinal. This follows from the next example: 

Example 5.11. Let A be an infinite cardinal. On B\ wc define a topology T„ii as 
follows: all non-zero elements of B\ are isolated points and the family 

^(0) = n-- - ny„, n •••niJ;3^ | ai,...,a„Pi,...,Pj e ix,i,j e N}, 

where = \ {{7,S) \ S e Ix} and H,, = Bx\ {(S.v) \ S G h}, ^ h, 
determined a base of the topology Tmi at zero of Bx (cf. [H]). By Proposition 25 
of |llj - {BxyTmi) is a topological inverse semigroup. 

Let d be the discrete topology on Bx. Then the identity map a: {Bx,Tjni) — > 
{Bx, 0) is not continuous, but the maps h, ip and u are as requested in the statements 
of Theorem 15.101 

Similarly to Section [4l we define new categories of topological semigroups and 
pairs of finite sets and topological semigroups. 

Let S and T be topological monoids with zeros. Let be CHomo(S', T) be the set 
of all continuous homomorphisms a: S ^ T such that (Os)ct = Ot. We put 

E*°^(S',T) = {e e E{T) \ there exists a £ CHomo(5,r) such that {ls)a = e} 

and define the family 

J^i*°''(5,r) ^ {H{e) I e £ E*°^'(5,T)}, 



ON THE BRANDT A°-EXTENSIONS OF MONOIDS WITH ZERO 



19 



where by H{e) we denote the maximal subgroup with the unity e in the semigroup 
T. Also, by 153 we denote the class of all topological monoids S with zero such 
that S has S*-propcrty and every idempotent of S lies in the center of S. 
We define the category ^^Rn as follows: 

(i) Ob(5^^fi„) = {(5",/) I S* G TQ3 and / is a finite set}, and if S* is a trivial 

semigroup then we identify {S, I) and (5, J) for all finite sets / and J; 
(m) Mor(^^fin) consists of triples {h,u,ip): (5,/) {S ',!'), where 

h: S ^ S' is a continuous homomorphism such that h G CHomo(S', 5''), 
(5) u: I ^ H(e) is a map , for H(e) e J^^°^{S,S'), 
:/—>/' is an one-to-one map, 

with the composition defined by formulae ([2|) and ([3]). 

Straightforward verification shows that ^^fin is the category with the identity 
morphism e^s.i) = (Ids,MojId/) for any (S*, /) G Ob(5^^fin), where Ids : S ^ S 
and Id/ : I ^ I are identity maps and (a)uo = Is for all a G /. 
We define a category ^^^{S^y) as follows: 

(i) Let Ob(^^jj(^^)) be all finite topological Brandt A" -extensions of topo- 
logical monoids S with zeros such that S has ;B*-property and every idem- 
potent of S lies in the center of S\ 
(a) Let Mor(.^gj^(,^715^)) be homomorphisms of finite topological Brandt A"- 
extensions of topological monoids S with zeros such that S has S*-propcrty 
and every idempotent of S lies in the center of S. 

We define a functor B from the category .S^^nn into the category 
similarly as in Section [4] (cf . |4|) . Theorems 14.11 and 15.101 imply: 

Theorem 5.12. B is a full representative functor from 5^^fin into SS^JyS/'S^\ 

We define the first series of categories as follows: 

(i) Ob(^^fin^) ~ {(S*, /) I S* G 03 is a topological inverse monoid and 7 is a non-empty finite 
set}, and if 5* is a trivial semigroup then we identify (S', /) and (S', J) for 
all non-empty sets I and J; 

Qih(^'^S7'SSfi^^) = {(5', /) I 5 G 53 is a countably compact topological inverse monoid and 
/ is a non-empty finite set}, and if 5* is a trivial semigroup then we identify 
(5, /) and (5*, J) for all non-empty sets / and J; 

Qihi^S'SS'aaJ') = {(5, /) I S* G 03 is a compact topological inverse monoid and I is a non- 
empty finite set}, and if 5 is a trivial semigroup then we identify (S*, /) and 
(5, J) for all non-empty sets / and J; 

Ob(^^fin=-^'^) = {(S, /) I iS* is a topological inverse Clifford monoid and / is a non-empty 
finite set}, and if S' is a trivial semigroup then we identify (5, /) and (5, J) 
for all non-empty sets / and J; 

Qihi^'^ST'SiBfi^J''^^ = {(5*,/) I 5* is a countably compact topological inverse Clifford monoid 
and / is a non-empty finite set}, and if 5* is a trivial semigroup then we 
identify (5, /) and (S*, J) for all non-empty sets / and J; 

Qihi^S'SS'^i^J'^) = {(5, /) I 5' is a compact topological inverse Clifford monoid and / is a 
non-empty finite set}, and if S* is a trivial semigroup then we identify (5*, /) 
and (S, J) for all non-empty sets / and J; 
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Ob(^^fin^^) = {(5, /) I 5 is a topological semilattice with unity and zero and I is 
a non-empty finite set}, and if is a trivial semigroup then we identify [S, I) 
and (5, J) for all non-empty sets / and J; 

Oh{'^'^^^fin-y^) = {(S*, /) I S* is a countably compact topological semilattice with unity 
and zero and / is a non-empty finite set}, and if S" is a trivial semigroup 
then we identify (S, I) and {S, J) for all non-empty sets / and J; 

Ob('^=^^fin^-S^') = {(S", /) I S' is a compact topological semilattice with unity and zero and 
/ is a non-empty finite set}, and if 5* is a trivial semigroup then we identify 
(S, I) and (5, J) for all non-empty sets / and J; 

Ob(j7'^fin^2) = {{S,I) I is a topological monoid with two idempotent 
zero and unity and / is a non-empty finite set}; 

Ob(^^fin$^) = {{S,I) I S" is a topological group and / is a non-empty 
finite set}; 

Ob('^^,^7'^fin^^) = {{S,I) I is a countably compact topological group 
and / is a non-empty finite set}; 

Ob('^=^^fin^) = {{S,I) I S* is a compact topological group and / is a 
non-empty finite set}; 
(m) Mor(5^^fin^), Mor('^<r/?-^fi„J^), Mor(^5^^fi„^), Mor(5^^fi„^<r), 

Mor('^'r5^^fi„^'r), MorC^J^i^finJ^^), Mor(5^^fin^^), MorC^^^i^fin^^Sf), 

Mor(^i^fin^2), Mor(^i^fin^), MorC^^^i^fin^), and MorC^J^^fin^) 
consist of corresponding triples [h,u,ip): {S,I) — *■ {S ',!'), which satisfy 
condition ([5]). 

Obviously, these categories are subcategories of the category ^^Rn- The second 
series of categories is defined as follows: 

{i) Let Oh{^^^{^J^y)) be all finite topological Brandt A°-extensions of topo- 
logical inverse monoids S with zeros in the class of topological inverse semi- 
groups such that S has S*-property and every idempotent of 5* lies in the 
center of S; 

Let Oh{^*{'^'^£^.^y)) be all countably compact topological Brandt X°- 
extensions of topological inverse monoids 5* with zeros in the class of topo- 
logical inverse semigroups such that S has ;S*-property and every idempo- 
tent of S lies in the center of S; 

Let Oh{M* {^^J^y)) be aU compact topological Brandt A"-extensions of 
topological inverse monoids S with zeros such that S has S*-property and 
every idempotent of S lies in the center of S; 

Let Oh{.^^^{^J^'^y)) be all finite topological Brandt A"-extensions of 
topological inverse Clifford monoids with zeros in the class of topological 
inverse semigroups; 

Let Ob(^*('^'^^5^J^'^^)) be all countably compact topological Brandt 
A'^-extensions of topological inverse Clifford monoids with zeros in the class 
of topological inverse semigroups; 

Let Oh{^* Crf 3^J^'^y)) be all compact topological Brandt A"-extensions 
of topological inverse Clifford monoids with zeros; 

Let Oh{^* (J^y y)) be ah finite topological Brandt A^-extensions of topo- 
logical semilattices with zeros and identities; 
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Let Ob(^*(<^'^^J^Jf)) be all countably compact topological Brandt A°- 
extensions of topological semilattices with zeros and identities in the class 
of topological inverse semigroups; 

Let Oh{3§* {'t^,!^^ ^)) be all compact topological Brandt A°-extcnsions of 
topological semilattices with zeros and identities; 

Let Oh{^^^{£^S^2)) be all finite topological Brandt A°-extensions of topo- 
logical monoids with two idempotents zeros and identities; 
Let Ob(^gj^(=3^)) be all topological inverse Brandt semigroups with finite 
bands; 

Let Ob(^* ("^"^J^)) be all 0-simple countably compact topological inverse 
semigroups; 

Let Oh{^* {'rf^^)) be all 0-simple compact topological inverse semigroups; 
(ii) Let Mor(i^g„(^^^)), Mor{M*{'^'ff^yy)), Mor{M*{'^^yy)), Mor(^^„( J^^-^^)), 

Mor(i^*(^'^5^J^'^^)), Mor(^*('^50^^^)), Mor{.^* {.^S^^)), mor{SS* {"^"^STy ^)), 
Mor{^* {'if^,y^)), and Mor(^g„( ^^^2)) be continuous homomorphisms 
of corresponding topological Brandt A°-extensions of corresponding topo- 
logical semigroups and let Mor(^^„(5^)), Mor{3§* C^^^)), and Mor(^* (^^)) 
be non-trivial continuous homomorphisms of the corresponding topological 
inverse Brandt semigroups. 

Theorem 15.121 implies: 
Proposition 5.13. B is a full representative functor from S^SS^^J^ \ resp., 'T^'if^^nnJ^ , 

•TJ^^fin^, Sr3Sf,^J"€, ^•r^^^fin^'T, •r^^J^fin^'^, STS^f^^S^^, 'T'^J^i^fin , 

•rj^^fi„^.if, ^^fi„^2, and S'SS^^^S ] into 3§l^{^jy) [ resp., SS*{'€'€Srj.9'), 

3§*\'€!J.9'5e), SSlJySr.9'i), aniSSlJ^.9=S) ]. 

Therefore Propositions 14.31 and 15.131 imply: 

Corollary 5.14. The categories STSSf^^S^^, \ resp., '^'€SrSS^^,9' ^ , "^S'SSf.^S^^ 
\, and SS* {ST. 9'^) [ resp., 3§* {'^'^ST^ 9S* {'£Sr.9' ^) ] are isomorphic. 

Gutik and Repovs [13] proved that every countably compact 0-simple topo- 
logical inverse semigroup S is isomorphic to the topological Brandt A'^-extension 
(^B^{G), tb) of a topological group G in the class of topological inverse semigroups 
for some finite cardinal A. This implies the following: 

Proposition 5.15. B is a full representative functor from ^^^S^^^i^v!^ \resp., 
"T^^^fin^] into SS*{'£'€^) {resp., ]. 

Comfort and Ross [5] proved that the Stone-Cech compactification of a pseu- 
docompact topological group is a topological group. Therefore the functor of the 
Stone-Cech compactification (3 from the category of pseudocompact topological 
groups back into itself determines a monad. Similarly, since the Stone-Cech com- 
pactification of a countably compact 0-simple topological inverse semigroup is a 
compact 0-simplc topological inverse semigroup [131 Theorem 3] , we get the follow- 
ing: 

Corollary 5.16. The functor of the Stone-Cech compactification [i: 3S* SP^) 
^* {f^'£SP^^ determines a monad. 
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